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Transmitting One Qubit Can Increase One Ebit Between Two Parties at Most
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Entanglement shared between two seperated parties could
not be increased without transmitting quantum system. We
suggest the project to gain entanglement shared between Alice
and Bob by transmitting quantum system and a new scheme
to achieve efficient rate of entanglement. It is proven that
under any local operations and communicating classically, to
transmit one qubit through an ideal or a noisy quantum chan-
nel can increase no more than one ebit between two parties.
Furthermore, the prior nonmaximally transmitted entangle-
ment could not be improved by subsequently transmitted
qubit. Although our proof is given in the measure of for-
mation of entanglement, we believe that the above conclusion
is also hold independently of the measure of entanglement.
03.65.Bz, 89.70.+c
Quantum correlation, known also as entanglement, is
one of the most fascinating properties of composite quan-
tum system. Entanglement is related with many quan-
tum phenomena, such as quantum information [4–6],
quantum computation [1], quantum error-correction [2],
in particular teleportation [3]. Recently, many contribu-
tions were made to quantifying entanglement of mixed
state [7], purification of mixed state [2,8], multiparticle
entanglement [10,11]. Most of the papers suppose entan-
glement shared beforehand between two parties, tradi-
tionally named Alice and Bob. In this Letter, we consider
the step before entanglement is utilized to carry out some
tasks, that is, how they achieve entanglement shared be-
tween the two seperated parties. Bennett et al. [9] has
pointed out that one qubit can be used to create one ebit
of entanglement. Vedral et al. [7] proved that two par-
ties can not, no matter how small probability, by local
operations and communicating classically turn a disen-
tangled state σAB into an entangled state and that by
local operation and classical communication alone, they
cannot increase the total amount of entanglement which
they share. So the only way to create and increase entan-
glement between two parties is to transmit quantum sys-
tem which carries quantum information on entanglement.
Now, our problems arise: What is the efficiency of trans-
mitting qubit to obtain entanglement? How much en-
tanglement could be transmitted by transmission of one
qubit? If the prior qubit transmitted with non-maximal
entanglement is achieved, could the subsequent transmis-
sion of qubit compensate for its predecessor’s slip? If it is
yes, this means that the latter transmitted could increase
more than one ebit [9].
Suppose Alice and Bob share no entanglement before-
hand. The only way to achieve shared entanglement is to
transmit quantum system from Alice to Bob. Here, we
suppose the basic quantum system lies in two dimensional
Hilbert space which does not lose any generality. Two
dimensional quantum system is also named quantum bit
abbreviated qubit following Schumacher [4]. Alice has
four parties denoted as A, B, C, D, in which she wants
to transmit two of them C and D to establish entangle-
ment with Bob for some tasks later. First we suppose
the quantum channel is ideal and then generalize it to be
noisy.
Theorem 1: If the state of composite system ABCD
remains pure from beginning to end, whatever unitary
operations are performed by Alice, sending subsystem D
to Bob can create no more than one ebit between them.
Once Alice has transmitted D with nonmaximal entan-
glement between subsystum ABC and D, she could not
correct it as maximal entanglement through transmitting
C and obtain two ebits shared at the end.
Proof: We denote |φABCD > as the state of the com-
posite system ABCD, E(|φABC∼D >) as the amount of
entanglement between subsystum ABC and D in state
|φABCD >, and E(|φAB∼CD >) as the amount of en-
tanglement between subsystum AB and CD in the same
state |φABCD >.
Step 1, Alice can use unitary operation UABCD to
manipulate arbitary pure state |φABCD > from product
state |0A > |0B > |0C > |0D >. According to Schmidt
decomposition [12],
|φABCD >= a|φABC > |φD > +b|φ
⊥
ABC > |φ
⊥
D >, (1)
in which
< φABC |φ
⊥
ABC > = 0,
< φD|φ
⊥
D > = 0.
Step 2, Alice transmits D to Bob through an ideal
channel. Now the entanglement shared between them
is,
E(|φABC∼D >) = S(ρABC) = S(ρD), (2)
where S(ρ) is von Neumann entropy [13], S(ρ) =
−Trρ log ρ, ρABC and ρD are the marginal density oper-
ators of state |φABCD > which are obtained by tracing D
and ABC out respectively. The amount of entanglement
of pure state is measured by the von Neumann entropy
of its marginal density operator seen by either party [9].
Step 3, Now the allowed operation performed by Alice
is UABC , one by Bob is UD, then
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U ABC ⊗ UD|φABCD >
= UABC ⊗ UD(a|φABC > |φD > +b|φ
⊥
ABC > |φ
⊥
D >)
= a|ψABC > |ψD > +b|ψ
⊥
ABC > |ψ
⊥
D > . (3)
From the above equation, we can see clearly that any lo-
cal unitary operations performed by Alice and Bob could
not change the coefficients a and b which are determined
by the operation UABCD performed by Alice. Coeffi-
cients a and b represent the entanglement between Alice
and Bob for the transmission of subsysten D. This prop-
erty confines the consecutive correction of entanglement
and limit the efficiency of entanglement transmission as
will be showed next step. Another important point is
that suppose U is the set of the unitary operations satis-
fying
U = {UABCD|UABCD|0A > |0B > |0C > |0D >
= a|φABC > |φD > +b|φ
⊥
ABC > |φ
⊥
D >, a, b fixed}, (4)
all the state of the form could be realized by UABC⊗UD
performed on one of the state of the above form. That is
{UABCD|0A > |0B > |0C > |0D > |U
ABCD ∈ U} =
{UABC ⊗ UD(a|φABC > |φD > +b|φ
⊥
ABC > |φ
⊥
D >)}. (5)
We consider this sheds lights on relation between the col-
lective unitary operation and product operation.
Now let us give some comments on Step 3. From above
discussion, we know that operations performed by Alice
and Bob could not change a and b which means they
could not change entanglement between them, more pre-
cisely could not increase entanglement. Ideally, one may
hope that Alice and Bob can perform some optimal oper-
ations on their respective subsystem so that after trans-
mitting subsystem C, they could obtain maximal entan-
glement between AB and CD which means that entan-
glement increases more than one ebit after subsystem C
is transmitted. Our answer is negative. We have showed
that after any operation UABC ⊗ UD, the state is of the
form a|ψABC > |ψD > +b|ψ
⊥
ABC > |ψ
⊥
D >. So the prob-
lem converts to a new one: What is the maximum of en-
tanglement between subsystum AB and CD in the state
of the above form? After finding the optimal form, Alice
and Bob change the state to that form.
Step 4, Alice sends subsystem C to Bob. Now they
share entanglement between AB and CD. They can not
increase entanglement by any local operations and clas-
sical communications. We can describle the composite
operation of the above steps in the following process,
|0A > |0B > |0C > |0D > 1 : U
ABCD 7→ |φABCD >
2 :
→
D 7→ |φABC∼D > 3 : U
ABC ⊗ UD 7→ |ψABC∼D >
4 : C
→
7→ |ψAB∼CD > .
The variance of entanglement shared between Alice and
Bob can be read from the following expressions.
After Step 1, E1 = 0 .
After Step 2,
E2 = E(|φABC∼D >) = S(ρ
2
ABC) = S(ρ
2
D), (6)
where
ρ2ABC = TrD|φABCD >< φABCD|,
ρ2D = TrABC |φABCD >< φABCD|.
After Step 3,
E3 = E(|ψABC∼D >) = S(ρ
3
ABC) = S(ρ
3
D), (7)
where
ρ3ABC = TrD|ψABCD >< ψABCD|,
ρ3D = TrABC |ψABCD >< ψABCD|.
According to the property of S(ρ) under unitary opera-
tions,
S(ρ3ABC) = S(ρ
2
ABC),
S(ρ3D) = S(ρ
2
D),
so
E3 = E2. (8)
After Step 4,
E4 = E(|ψAB∼CD >) = S(ρ
4
AB) = S(ρ
4
CD), (9)
where
ρ4AB = TrCD(|ψABCD >< ψABCD|),
ρ4CD = TrAB(|ψABCD >< ψABCD|).
The increasion of entanglement of transmission D,
E2 − E1 = S(ρ
2
D) ≤ 1. (10)
The increasion of entanglement of transmission C,
E4 − E3 = S(ρ
4
AB)− S(ρ
3
ABC). (11)
According to the inequality of entropy [14],
|S(ρAB)− S(ρC)| ≤ S(ρABC) ≤ S(ρAB) + S(ρC), (12)
and ρ4AB = TrCρ
3
ABC , we know
E4 − E3 ≤ S(ρ
4
C), (13)
E4 ≤ E2 + S(ρ
4
C) ≤ E2 + 1 ≤ 2. (14)
The same conclusion can be proved from Bob’s part.
Thus we have completed the proof of theorem one. From
the above, we mention that it is also hold in the case
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of unequal subsystems between Alice and Bob and eas-
ily generalized to be in the case of more than two di-
mensionality. Furthermore, the equality is hold if and
only if subsystums C and D are respectively maximally
entangled with subsystum AB and they themselves are
independent of each other.
Theorem 2: Theorem 1 is also hold if the state of com-
posite system ABCD is mixed.
We prove it in the measure of formation of entangle-
ment and argue for it independent of measures of entan-
glement. The similar process in the proof theorem 1 is
the following, where the initial density matrix is mixed.
ρABCD1 : U
ABCD 7→ ρ1ABCD2 :
→
D 7→ ρ2ABC∼D = ρ
1
ABCD
3 : UABC ⊗ UD 7→ ρ3ABC∼D4 : C
→
7→ ρ4AB∼CD =
ρ3ABC∼D.
The amount of formation of entanglement σ is defined
as [9],
Ef (σAB) = minσAB=
∑
i
pi|ψAB>ii<ψAB |
∑
i
piE(|ψAB >i).
(15)
Proof: Suppose {|φABCD >i, pi} is the pure state en-
semble which minimizes
∑
i piE(|φABC∼D >i).
After Step 1, E1 = 0 .
After Step 2,
E2 = Ef (ρ
2
ABC∼D). (16)
After Step 3,
ρ 3ABCD = U
ABC ⊗ UDρ2ABCDU
ABC† ⊗ UD†
= UABC ⊗ UD
∑
i
pi|φABCD >ii< φABCD|U
ABC† ⊗ UD†
=
∑
i
pi|ψABCD >ii< ψABCD|. (17)
So {|ψABCD >i, pi} is an pure states ensemble realizing
ρ3ABCD, we know
Ef (ρ
3
AB∼CD) ≤
∑
i
piE(|ψAB∼CD >i), (18)
E3 = Ef (ρ
3
ABC∼D) = Ef (ρ
2
ABC∼D). (19)
After Step 4, ρ4ABCD = ρ
3
ABCD ,
E4 = Ef (ρ
4
AB∼CD) = Ef (ρ
3
AB∼CD). (20)
According to Theorem One, to any pure state, the in-
equality
E(|ψAB∼CD >i) ≤ E(|φABC∼D >i) + 1, (21)
is hold, so
E4 ≤
∑
i
pi(E(|φABC∼D >i) + 1) = E2 + 1. (22)
We have established theorem 2. Though we prove the-
orem 2 in the measure of formation, we conjecture it is
hold independent of the measures of entanglement. We
argue that the more one qubit entangled with other quan-
tum system, the more mixed the qubit is. However, the
maximally mixed state of one qubit is 1/2I which can
only carry one ebit at most.
Theorem 3: Theorem 2 is hold through noisy channel.
We adopt Schumacher’s discription about noisy chan-
nel E [4], suppose an environment E is initially in the
pure state |0E >, after quantum system Q in initial state
ρ is subjected to dynamical process E , we could have
E(ρ) = TrEU
QE(ρ⊗ |0E >< 0E|)U
QE†. (23)
The dynamical process is describled by
ρABCD 1 : U
ABCD 7→ ρ1ABCD 2 :
→
E(D) 7→ ρ2ABC∼D
3 : UABC ⊗ UD 7→ ρ3ABC∼D 4 :
→
E(C) 7→ ρ4AB∼CD.
Proof:
Ef (ρ
4
AB∼CD) ≤ Ef (ρ
3
AB∼CD) ≤ Ef (ρ
2
ABC∼D) + 1 (24)
Bennett et al. [2] have proved that entanglement of for-
mation is noncreasing under local operations and classical
communication. The left inequality results from the fact
that local operations can not increase the entanglement
and the noisy channel may be regarded as the operation
performed by Bob. Hence it is clear that there exists
theorem 3.
Theorem 4: Theorem 3 is hold if Alice and Bob are al-
lowed to perform general unitary operation and classical
communication. The dynamical process is
ρABCD 1 : U
ABCD 7→ ρ1ABCD 2 :
→
E(D) 7→ ρ2ABC∼D
3 :
∑
i piU
ABC
i ⊗ U
D
i 7→ ρ
3
ABC∼D 4 :
→
E(C) 7→ ρ4AB∼CD.
Proof:
Ef (ρ
4
AB∼CD) ≤ Ef (ρ
3
AB∼CD)
≤ Ef (ρ
2
AB∼CD)
≤ Ef (ρ
2
ABC∼D) + 1. (25)
The reason of the first inequality is the same as The-
orem 3. The second inequality is hold because the gen-
eral unitary operations and classical communication per-
formed by the two parties could be represented by op-
erator
∑
i qiU
ABC
i ⊗ U
D
i while the inequality is hold for
each item. That ends the proof.
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In this Letter, we have discussed the bound efficiency
of achieving shared entanglement and concluded that one
qubit can carry on one ebit at most. The given project
of transmitting quantum system can be used not only
to build up entanglement shared between two seperated
parties but also to measure the amount of transmitting
quantum information by locally determining entangel-
ment and classically communicating between the parties.
From a new point of view, the nature of sharing infor-
mation is to share correlation between two parties. The
classical information theory is in making classical correla-
tion, while the quantum counterpart is in making quan-
tum correlation which is the most intriguing property
distinguished from classical one. In classical information
theory, the binary signal is the carrier of information and
its capacity of information is one bit. In quantum infor-
mation theory, the qubit is the carrier of quantum infor-
mation and its capacity of quantum information is one
ebit, In the quantum case, we would define as the amount
of entanglement shared between two parties and would
discuss it parellel to classical one in future papers.
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